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Resonant interaction between an ultrashort pulse train and a two-level
system: frequency domain analysis
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Abstract
We investigate the problem of two-level atoms driven by an ultrashort pulse train in the frequency domain. At low
intensity regime, we obtain a perturbative analytical solution that allows us to discuss the role of the mode number of
the frequency comb near or at resonance on the temporal evolution of the atomic coherence. At high intensities, the
effect of the number of modes is analyzed in the steady-state regime through numerical calculations.
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1. Introduction
Theoretical studies about atoms excited by pulse
trains were put forward in the mid 80’s through the
works by Thomas [1] and Kocharovskaya and Khanin
[2], involving two- and three-level systems, respec-
tively. In the following decade, studies on the tempo-
ral evolution of the excited state population were devel-
oped [3], and the inclusion of the Doppler broadening
to this problem was also considered [4]. Aspects in-
volving accumulation of coherence in atomic excitation
due to the sequence of pulses from a mode-locked laser
was investigated by Felinto et al. [5]. This coherent
accumulation process has been studied in the regimes
of electromagnetically induced transparency and coher-
ent population trapping [6, 7]. The dependence of the
coherent accumulation on shape and number of pulses
was also investigated [8], and a theory of Doppler cool-
ing with a train of short pulses has been developed [9].
On the other hand, two-photon transitions in cold rubid-
ium atoms [10] and velocity selective optical pumping
in rubidium vapor [11] both using femtosecond pulses
were observed and modeled. Further, a general theory
for pulses with arbitrary shape interacting with multi-
level systems has also been reported [12].
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The works mentioned above focused on the time do-
main to study the problem in question. In some cases,
it is more intuitive, simpler and more practical to work
in the frequency domain. For example, the saturated ab-
sorption spectroscopy in rubidium vapor with 10 GHz
Ti:sapphire laser [13] is easily understood in terms of
the interaction between a single mode of the frequency
comb and the atomic system. In fact, early [14, 15] and
recent works [16, 17] have also examined the excitation
of atoms by pulse trains in the frequency domain.
In this paper, we focus our studies in the frequency
domain and investigate in detail the response of a two-
level system due to the interaction with the modes of
the frequency comb. First, in Section 2, we present the
pulse train in the frequency domain. Next, in Section 3,
we solve the Bloch equations in the weak field regime,
and obtain an analytical solution for the coherence and
population that explicitly contains the contribution of
each mode of the frequency comb (or of each comb
line). With this perturbative solution we are able to an-
alyze the effects of the number of modes N near or at
resonance (see Section 3) on the temporal evolution of
the atomic coherence. These results are extended to in-
homogeneously broadened atoms. Further, in Section 4,
we investigate the influence of N when the interaction
occurs in the regime of high intensity fields. For this
condition, saturation effects or Stark shift are important
and the atomic response is obtained in the steady-state
regime using numerical calculations. Finally, our con-
cluding remarks are presented in Section 5.
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2. The pulse train in the frequency domain
We start by considering the equation for the ampli-
tude of the electric field of a train of N pulses with rep-
etition interval TR, carrier frequency ωc and pulse-to-
pulse phase difference ∆φ [18]:
E(t) =
N−1∑
n=0
E(t − nTR)ei(ωct−nωcTR+n∆φ), (1)
where E(t) defines the pulse envelope. Taking the
Fourier transform of Eq. (1), we obtain:
E˜ (ω) = 2pi E˜ (ω − ωc)
N−1∑
n=0
ein(∆φ−ωcTR) . (2)
Equation (2) describes a frequency comb where the
linewidth of each mode (δω) depends on the number of
pulses that are included in the sum (N) and it is given
by [19]
δω ≈
2pi
NTR
. (3)
Applying the Poisson sum formula, Eq. (2) can be writ-
ten as [18]
E˜ (ω) = 2pi fRE˜ (ω − ωc)
∞∑
m=−∞
δ (ω − ωm) . (4)
In this notation, ωm = 2pi ( f0 + m fR) is the frequency of
the mode m, where f0 is the offset frequency and fR =
1/TR is the repetition rate of the pulses.
Taking the inverse Fourier transform of Eq. (4), we
return to the time domain, with the equation for the
pulse train written, now, as a superposition of cw fields
oscillating in phase:
E (t) =
∞∑
m=−∞
Emeiωm t, (5)
where Em = fRE˜ (ωm − ωc) defines the amplitude of
each mode of the frequency comb.
In the next section we will solve the Bloch equations
for the atom-field interaction taking the electric field as
given by Eq. (5).
3. Transient regime at low intensities
To study the atomic excitation driven by the pulse
train, we use the density matrix formalism. For sim-
plicity, we consider a two-level system, although this
approach is also holds for systems with three [17] or
more levels. The temporal evolution of the excited state
population (ρ22) and the coherence (ρ12) are governed
by the Bloch equations:
∂ρ12
∂t
= (iω21 − γ12) ρ12 − iµ12E(t)
ℏ
(1 − 2ρ22) , (6a)
∂ρ22
∂t
=
[
i
µ12E(t)
ℏ
ρ12 + c.c.
]
− γ22 ρ22, (6b)
where γ22 and γ12 are the relaxation rates of population
and coherence, respectively, ω21 is the frequency of the
atomic resonance, and µ12 represents the electric dipole
moment.
In the following we use perturbation theory to solve
Eq. (6). Considering that population and coherence
oscillate with frequencies of the comb modes, ω j, and
combination of these frequencies, we can write the fol-
lowing expansion in power series of the fields:
ρ12 =
∑
j
σ
(1)
12 (t)eiω jt
+
∑
jkl
σ
(3)
12 (t)ei(ω j−ωk+ωl)t + · · · , (7a)
ρ22 = σ
(0)
22 +
∑
jk
σ
(2)
22 (t)ei(ω j−ωk)t
+
∑
jklm
σ
(4)
22 (t)ei(ω j−ωk+ωl−ωm)t + · · · , (7b)
where σ(s)i j (t) is a function that evolves slowly compared
with the oscillation of eiω j t, and the superscript index (s)
indicates the field order. Using now Eqs. (5)-(7), we can
derive iterative solutions for σ(s)i j (t):
∂σ
(1)
12
∂t
=
[
i
(
ω21 − ω j
)
− γ12
]
σ
(1)
12
− i
(
1 − 2ρ(0)22
)
Ω j, (8a)
∂σ
(2)
22
∂t
= −
(
γ22 + iω jk
)
σ
(2)
22 − iΩ jσ
(1)
21 , (8b)
∂σ
(3)
12
∂t
=
[
i
(
ω21 − ω jkl
)
− γ12
]
σ
(3)
12
− i
(
1 − 2σ(2)22
)
Ω j, (8c)
...
where ω jk = ω j − ωk, ω jkl = ω j − ωk + ωl, and
Ωm =
µ12Em
~
(9)
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is the Rabi frequency of each mode m.
Solving Eq. (8a) for σ(1)12 (0) = 0, we find
σ
(1)
12 (t) =
1 − e[i(ω21−ω j)−γ12]t
ω21 − ω j + iγ12
(1 − ρ(0)22 )Ω j; (10)
and considering ρ(0)22 = 0, we can get from Eq. (7a) a
closed expression for the atomic coherence to first-order
approximation in the fields:
ρ
(1)
12 (t) =
∑
m
1 − e(iω21−γ12)t
ω21 − ωm + iγ12
Ωme
iωmt. (11)
Equation (11) provides an expression for the coher-
ence as a sum of the excitations induced by each mode
of the frequency comb [9, 14], making it possible to in-
vestigate the influence of modes near or at resonance
on the behavior of the system. As an example, the
time evolution of the coherence for a resonant interac-
tion is displayed in Fig. 1(a). We have plotted the re-
sults for the analytical [blue, red and black curves, from
Eq. (11)] and numerical (green curve) calculations.
The numerical results were obtained from the Bloch
equations [Eq. (6)] integrated in time with the four-
order Runge-Kutta algorithm, using the field given by
Eq. (1). The resonant condition is indicated by taking
ωc/2pi = ω21/2pi = M fR, with M = 4 × 106, and we use
fR = 40γ12/2pi with γ22 = 2γ12. To simplify, we con-
sider f0 = 0 or ∆φ = 0 in the following, so the frequency
of each mode is given by an integer multiple of fR. The
numerical computation is performed with square pulses
having Tp = 10−5TR as the temporal linewidth. These
values were chosen to simulate a realistic interaction be-
tween a 100 fs pulse train with a typical repetition rate
of 100 MHz and rubidium atoms at the 5S → 5P transi-
tion. We also consider the same amplitude for all modes
close to the resonance, with Ωm = γ12/100. In this case,
E˜ (ωm − ωc) ≈ E˜ (0) = E (0) Tp, and thereby the relation
between the Rabi frequency of mode m and the area of
each pulse (θ) is given by
Ωm = θ fR , (12)
where θ = 2µ12/ℏ
∫
E(t)dt = 2µ12E (0) Tp/ℏ.
The inset of Fig. 1(a) shows the behavior of ρ12 in
the steady-state regime (t/TR ≈ 30). We compare the
atomic responses forN = 1, resonant mode (blue curve,
with m = M), N = 11 modes (red curve, with m varying
between m = M−5 and m = M+5) andN = 101 modes
(black curve, with m varying between m = M − 50 and
m = M + 50). The dashed green curve represents the
numerical calculation. In the time domain, the typical
sawtooth pattern describes a series of atomic excitations
followed by incoherent decay. If the atoms cannot relax
completely in the time interval between two pulses, they
accumulate coherence due to the well define phase dif-
ference between the pulse laser sequence [Eq. (1)] and
the natural atomic oscillation [5]. In the frequency do-
main, however, this pattern is a consequence of the beat
frequency between the modes of the frequency combs,
that oscillating in phase [Eq. (5)], and the atomic oscil-
lation. We observe that, the result for only one resonant
mode well describes the average behavior of the tem-
poral evolution of the atomic system, in both coherent
accumulation and low intensity regimes. This approach
was explored, for example, in modeling the two-photon
transitions in cesium vapor driven by an 1 GHz fem-
tosecond laser [16], where the authors used only one
mode of the frequency comb to describe each resonance
of the cascade three-level system.
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Figure 1: (Color online) (a) Temporal evolution of |ρ12 | for resonant
interaction: ω21/2pi = M fR . The inset shows the details of the dashed
region, where we compare analytical results for one mode at reso-
nance (blue curve), N = 11 (red curve) and N = 101 (black curve)
as explained in the text, and numerical results (green curve). (b)
Temporal evolution of |ρ12 | for N = 1 and 11 as in (a), except that
ω21/2pi = (M − 0.2) fR. (c) Details of the dashed region of (b) for
analytical (N = 11 modes) and numerical results.
In Fig. 1(b) we analyze the situation where there
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are no modes at resonance with the atomic transition.
We plot Eq. (11) for N = 1 and 11 modes, using the
same parameters of Fig. 1(a), except that ω21/2pi =
(M−0.2) fR. The observed pattern is the result of a phase
mismatch between the oscillation frequency of the in-
duced electric dipole and the frequency of the mode
closer to the resonance, implying in a destructive inter-
ference. It is noteworthy that, although the one mode re-
sponse can describe the destructive interference and also
indicate how the system go to the steady-state regime,
this does not give the correct average value for ρ12. This
difference in the average value for ρ12 increases as the
detuning increases. However, it can be negligible if we
take into account more modes as shown in Fig. 1(c),
where we compare the results for N = 11 modes with
the numerical calculations.
If γ12 > 2pi fR, the excited population and the coher-
ence driven by the pulse train can relax completely dur-
ing the time interval between two consecutive pulses, so
the excitation with a single pulse is sufficient to describe
the atom-field interaction. As an example we show in
Fig. 2(a) the results for fR = 0.8γ12/2pi, with N = 101
modes and ω21/2pi = M′ fR, taking now M′ = 2 × 107.
It is important to emphasize, in this case, that the result
for one resonant mode [Fig. 2(b), blue curve] neither
describes the average behavior. It happens because, in
the frequency domain picture, the modes are so close
that the transition linewidth encompasses more than one
mode [Fig. 2(c)]. It means that, in the weak field limit,
to obtain the average evolution of the atomic coherence,
it is necessary to consider all modes that fit within the
natural linewidth.
3.1. Inclusion of Doppler broadening
In a medium with inhomogeneous broadening, as an
atomic vapor, each atomic velocity group has the res-
onance frequency shifted by ∆ = k · v, where k is
the wavevector of the pulse train and v is the veloc-
ity of an atomic group. Including, in Eq. (11), the
correction ω21 → ω21 + ∆, and the Doppler profile
exp(−∆2/0.36∆2D), for a Maxwell-Boltzmann velocity
distribution with a bandwidth ∆D, we have:
ρ
(1)
12 (t,∆) = e−∆
2/0.36∆2D×∑
m
1 − e[i(ω21−ωm+∆)−γ12]t
ω21 − ωm + ∆ + iγ12
Ωme
iωmt. (13)
To investigate a realistic interaction between a pulse
train and a rubidium vapor at room temperature, we use
∆D = 200γ12 and fR = 40γ12/2pi. Figure 3(a) shows
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Figure 2: (Color online) (a) Temporal evolution of |ρ12 | for resonant
excitation, with 101 modes, but now fR = 0.8γ12/2pi. (b) Details of
the dashed region in (a), where we compare the analytical results for
one resonant mode (blue curve), N = 11 (red curve) and N = 101
(black curve) as in Fig. 1(a), except that ω21/2pi = M′ fR with M′ =
2 × 107. (c) The relation between the transition linewidth (red curve)
and the mode separation of the frequency comb (green lines).
the time evolution (0 ≤ t ≤ 1.5pi/γ12) of the coher-
ence as a function of atomic group velocity for a res-
onant interaction: ω21/2pi = M fR. The first (red) curve
occurs at γ12t = pi/20, that corresponds to t = TR,
or equivalent to the interaction of the atoms with only
one pulse in the time domain. In this time interval, the
atoms interact with a continuous spectrum. However,
for γ12t = pi/10 (green curve) we have t = 2TR, that
is equivalent to 2 pulses, resulting [from Eq.(3)] in a
mode linewidth of δω ∼ 20γ12. For this interaction
time, the Doppler-broadened atomic resonance is able
to distinguish between two adjacent modes of the fre-
quency comb, and thereby a modulation is already vis-
ible. To illustrate the effect of the number of pulses in
the mode linewidth, Eq. (3) is represented in Figs. 3(b)-
(c) for different number of pulses. By increasing the
interaction time, we have for γ12t = pi/2 (blue curve)
the interaction with almost 10 pulses given δω ∼ 4γ12,
which is near the coherence linewidth (2γ12). Finally,
the black curve for γ12t = 3pi/2, corresponds to 30
pulses with a mode linewidth of δω ∼ 4γ12/3, less than
the natural linewidth of the coherence, thus ensuring
steady-state regime. These results indicate that, to de-
scribe the response of the Doppler-broadening atomic
system in the steady-state regime, one must to take into
account, at least, all modes that fit within the Doppler
bandwidth, which for the present case corresponds to
N = 11 modes. A detail study of the response of a
two-level system in this steady-state regime is given in
Refs. [4, 5], and the experimental printing of the fre-
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quency comb in the Doppler profile of a rubidium vapor
is found in Ref. [11].
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Figure 3: (Color online) (a) Coherence |ρ12 | [from Eq. (13)] as a
function of atomic group velocity (∆), for γ12t = pi/20 (red curve),
γ12t = pi/10 (green curve), γ12t = pi/2 (blue curve) and γ12t = 3pi/2
(black curve). We use N = 11 modes and ω21/2pi = M fR. (b)
Linewidth of the modes in the frequency comb for different number of
pulses [Eq. (3)]. (c) Central region of (b) (ω/γ12 ≈ 0), where we com-
pare the mode linewidth with the Lorentzian profile of the coherence
having 2γ12 of linewidth.
4. High intensities
At high intensities, Ωm & γ22/10, Eq. (11) is no
more valid, since it does not contain the intensity sat-
uration terms. However, if we take into account ef-
fects like power broadening and Stark shift, we can con-
tinue working in the frequency domain. In particular,
when Ωm is close to or is greater than fR, even when
2pi fR > γ22, these effects may take a single transition
to interact with several modes. To illustrate this fact,
we show in Fig. 4 the excited state population, ρ22, as
a function of Ωm, obtained from the Bloch equations,
Eqs. (6), with the electric field given by a superpo-
sition of cw fields, Eq. (5). In this case, the numeri-
cal calculation is performed instead with the modes of
the frequency comb. We compare the results obtained
through this numerical calculation using modes, in the
steady-state regime (γ22t = 3pi), for the sum over one
resonant mode (blue curve), 3 (orange curve) and 101
(black curve) modes. The solid curves correspond to
the average value of ρ22, over a period TR, defined by
ρ22 =
1
TR
∫ t+TR
t
ρ22(t)dt. (14)
The results were obtained for the resonant interaction
ω21/2pi = M fR at fR = 20γ22/2pi, and all other param-
eters as in Fig. 1(a). We can divide our study in three
intervals of intensity: (I) Ωm < γ22/10 - low intensity,
(II-a) γ22/10 < Ωm < pi fR - saturation region, and (II-b)
Ωm > pi fR - Stark shift region. Region I was studied in
the previous section. Region II was subdivided in two
(II-a and II-b) depending on the mode Rabi frequency
value compared with the product of the repetition rate
times the pulse area. We observe that within Regions I
and II-a, the three curves, for N = 1, 3 and 101 modes,
overlap. In particular, although Eq. (11) is not valid
in Region II-a, we see that only one resonant mode is
enough to describe the atom-field interaction, if all or-
ders of the electric field are considered, i.e., when satu-
ration effects are included. This approach has been used
to model effects of an 1 GHz femtosecond laser in the
study of one- [20] and two-photon [21] transitions in
rubidium vapor, for the Rabi frequency of the resonant
mode m in Region II-a.
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Figure 4: (Color online) Excited state population as a function of
Rabi frequency, for N = 1 (blue curve), N = 3 (orange curve) and
N = 101 (black curve) modes. The dashed green lines separate three
intensity regions: (I) Ωm < γ22/10, (II-a) γ22/10 < Ωm < pi fR and
(II-b) Ωm > pi fR. We use fR = 20γ22/2pi.
In Region II-b, however, the three curves diverge.
The atomic dipoles oscillate not only at the driving res-
onant frequency ωm but also at the Rabi sideband fre-
quencies ωm + Ωm and ωm − Ωm [22]. In the case that
Ωm = 2pi fR (Ωm/γ22 = 20), these frequencies resonate
with modes m − 1 and m + 1, which in turn make the
dipoles oscillate in the new frequencies ωm+2 and ωm−2
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and so on, resulting in a multiphoton process. In the
time domain, Region II-b corresponds to the excitation
of the atomic dipoles by pulses with area greater than pi.
Moreover, the almost periodic behavior of ρ22 observed
for N = 101 modes, can be understood as an excitation
driven by pulses whose area is a multiple of 2pi [4]. The
ρ22 dependence on both Ωm and fR is shown in Fig. 5
for N = 101 modes in the steady-state regime, and all
other parameters as in Fig. 4. As we can see, the ex-
cited state population is zero if Ωm/2pi is a multiple of
fR [23]. The pulse area of the dark regions is indicated
on the right side of Fig. 5, by multiples of 2pi.
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Figure 5: (Color online) Excited state population as a function of both
Rabi frequency and repetition rate, for resonant interaction.
The numerical calculations for temporal evolution
of the excited state population, at high intensities, are
shown in Fig. 6. A comparison of the results for
Ωm = 10γ22 (equivalent to θ = pi), with all other param-
eters as in Fig. 1(a), is presented in Fig. 6(a) for: one
resonant mode of the frequency comb [Eq. (5)] (blue
curve) and the pulse train [Eq. (1)] (green curve). Fig-
ure 6(b) shows the details, just after the first pulse ex-
citation, 0 ≤ t/TR ≤ 5 [dashed region of Fig. 6(a)],
for N = 1 (blue curve), N = 11 (red curve) and the
pulse train (green curve). We see that, as in Region I,
the average behavior obtained by the pulse train is well
described by the result of a single resonant mode.
The calculations for Ωm = 20.1γ22 (θ & 2pi) are de-
picted in Fig. 6(c), where we compare the results for one
resonant mode and the pulse train. In this case, the two
curves are quite different. As we can see in the detail
[Fig. 6(d)], the interaction with the pulse is composed
by an excitation followed by a de-excitation character-
istic of 2pi pulses, in addition to the interaction with the
rest of the pulse (0.01pi). Naturally, this interaction time
corresponds to the temporal width of the pulses (Tp).
To properly describe this short interaction time in the
frequency domain [i.e., with Eq. (5)], we must take
into account a minimum amount of modes, correspond-
ing to ∼ TR/Tp modes [24], which makes this approach
impractical. However, the average behavior can be re-
solved even for a lower number of modes, as illustrated
in Fig. 6(e) for N = 101 modes.
 
0 5 10 15 20
0.0
0.5
1.0
 
ρ 2
2
 
t / TR
0 5 10 15 20
0.0
0.5
1.0
 
 
ρ 2
2
t / TR
0 5 10 15 20
0.00
0.03
0.06
 
t / TR
( )a
( )c
2210mΩ = γ
2220.1mΩ = γ
 N = 1
 N = 11
 N = 101
 pulse train
0 2 4
0.0
0.5
1.0
  
 
t / TR
23.00000 23.00005
0.0
0.5
1.0
t / TR
( )d
( )b
( )e
Figure 6: (Color online) Temporal evolution of the excited state pop-
ulation, for one (blue curve), 11 (red curve) and 101 (black curve)
modes, and for (green curve) pulse train, with (a) Ωm = 10γ22 and (c)
Ωm = 20.1γ22. (b), (d) and (e) show the details of dashed regions. We
use fR = 20γ22/2pi.
We also investigate the convergence of the ρ22 aver-
age value with the number of modes N , in the steady-
state and at resonant condition. Figure 7 shows the re-
sults for two values of the Rabi frequency, correspond-
ing to Regions I and II-b of Fig. 4. At low intensities
(blue squares), the atomic response is independent of
the mode number. On the other hand, for high inten-
sities (red circles), the ρ22 value presents a strong de-
pendence on N . Although the convergence can be very
slow, since we need ∼ TR/Tp modes to get the right
value, we do not need such a large number of modes to
get a good value, similar to that derived for the temporal
evolution.
Finally, we consider again the interaction of the
frequency comb with inhomogeneously broadened
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Figure 7: (Color online) Excited state population as a function of
mode number, for Ωm = 0.1γ22 (blue squares) and Ωm = 20.1γ22
(red circles). We use fR = 20γ22/2pi.
atoms. Figure 8 shows the excited state population (in
the steady-state) for different atomic velocity groups,
weighted by the Doppler profile. In the left column we
present the atomic response for N = 11 modes, as in
Fig. 3(a), whereas the atomic response for N = 101
modes is shown in the right column. Each line repre-
sents a different Rabi frequency. For the first two lines
we have identical results, in agreement with our previ-
ous analysis. The results begin to differ from the third
line on when the intensity corresponds to a train of pi
pulses. For this intensity, the atomic coherence is null
[5], so the frequency comb printed on the Doppler pro-
file should disappear as in Fig. 8(h), although the result
for N = 11 modes [Fig. 8(c)] still displays small modu-
lations. The results listed in the last line are completely
different (see the vertical scale), as expected from Fig.
7. For these intensities, the approximation of the elec-
tric field as a sum of modes becomes inefficient for a
realistic description of the interaction between a train of
ultrashort pulses and two-level atoms.
5. Conclusions
In this work we have analyzed the interaction be-
tween two-level atoms and a frequency comb, with em-
phasis on the role of the number of modes N . The in-
vestigation is performed in the coherent accumulation
regime, and allows us to obtain the effect of the mode
number N on the temporal evolution the atomic coher-
ence and on the excited state population. For low field
intensities, i. e., Ωm < 0.1γ22, we presented an analyt-
ical solution for the atomic coherence induced by the
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Figure 8: (Color online) Excited state population as a function of
atomic velocity groups, for N = 11 (left column) and N = 101 modes
(right column), for different Rabi frequencies. We use fR = 20γ22/2pi.
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frequency comb. On the other hand, at high field inten-
sities, so that the Stark shift is still negligible,Ωm ≤ pi fR
(or θ ≤ pi), one mode is enough to describe the full aver-
age behavior of the temporal dynamics. However, in the
regime Ωm > pi fR, we showed that the Stark shift due to
consecutive modes of the frequency comb turn the ap-
proximation for the electric field as a sum of modes an
inefficient procedure for a realistic description of the in-
teraction between a train of ultrashort pulses and a two-
level system.
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